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12 SEWING CELLS IN ALMOST COSYMPLECTIC AND ALMOSTKENMOTSU GEOMETRY
PIOTR DACKO
Abstract. For a finite family of 3-dimensional almost contact metric manifolds with closed
the structure form η is described a construction of an almost contact metric manifold, where
the members of the family are building blocks - cells. Obtained manifold share many properties
of cells. One of the more important are nullity conditions. If cells satisfy nullity conditions -
then - in the case of almost cosymplectic or almost α-Kenmotsu manifolds - “sewed cells” also
satisfies nullity condition - but generally with different constants. It is important that even in
the case of the generalized nullity conditions - “sewed cells” are the manifolds which satisfy such
conditions provided the cells satisfy the generalized nullity conditions.
1. Introduction
The recent years witnessed the very extensive study of the geometry of almost contact met-
ric manifolds. One of the most important results are several classification theorems concerning
contact metric, almost cosymplectic and almost α-Kenmotsu manifolds which satisfy the nul-
lity conditions. Non-normal contact metric manifolds are classified finally by E. Boeckx [1, 3]
up to the equivalence relation defined by the D-homoteties. The class of almost cosymplectic
manifolds was studied by the author and Z. Olszak [6, 8, 9] - now almost cosymplectic manifold
are classified up to D-conformal deformations of the structure. Just recently M. A. Pastore, D.
Dileo and V. Saltarelli [11, 12] resolved the problem of the classification of an almost Kenmotsu
manifolds which satisfy nullity or generalized nullity condition - with only one small gap remain-
ing - the local description of generalized (κ, µ)-nullity almost Kenmotsu manifolds. Successfully
just recently V. Saltarell classified 3-dimensional such manifolds. One of the problems in that
direction - to consider higher dimensions- not many examples were known. One of the main goal
of this paper is to resolve this problem.
Let M1,. . . , Mk are almost contact metric 3-dimensional manifolds. On the Cartesian product
M = M1 × . . . ×Mk we introduce - quite naturally - an almost metric f -structure. We are
interested in 2k + 1 submanifolds of the manifold M we call - the manifolds of sewed cells.
Here the manifolds M1,. . . , Mk are “cells” which are “sewed” together to create just mentioned
submanifolds of “sewed cells” cf. Section 4.
It appears that the manifold N of sewed cells is enough “neatly” embedded into the product
M1 × . . . × Mk to share many properties of cells. Here of the particular interest are nullity
conditions. In the Section 5 we prove that sewed cells of almost cosymplectic, almost α-Kenmotsu
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3-dimensional manifolds is again the manifold of the same class. Moreover the nullity conditions
are inherited by the sewed cells - even in the case of the generalized nullity conditions.
However the class of manifolds obtained by the presented method is much wider than almost
cosymplectic and almost α-Kenmotsu. Therefore the concept of “sewed cells” provides a wide
range of new and interesting explicit examples of almost contact metric manifolds.
2. Preliminaries
An almost contact metric structure on a manifold M is a quadruple (ϕ, ξ, η, g) of the tensor
fields, where ϕ is an affinor (a (1, 1)-tensor field), ξ a vector field, η a one-form and g a Riemannian
metric, such that
ϕ2 = −Id+ η ⊗ ξ, η(ξ) = 1,
g(ϕX,ϕY ) = g(X,Y )− η(X)η(Y ),
here the entries X, Y are vector fields. The manifold M endowed with an almost contact metric
structure is called an almost contact metric manifold. The definition follows that a tensor field
Φ(X,Y ) = g(X,ϕY ) is a totally skew-symmetric, i.e. a 2-form on M called a fundamental form
[2].
Let M × R be the Cartesian product of an almost contact metric manifold and the real line.
Let define an almost complex structure J on M × R
J(X, f
d
dt
) = (ϕX − fξ, η(X) d
dt
),
with respect to the canonical splitting T (M × R) = TM ⊕ TR. If J is integrable, i.e. J is a
complex structure - M × R is a complex manifold, then the almost contact metric manifold M
is called normal - and the structure is called normal.
The Nijenhuis torsion tensor field [ϕ,ϕ] of the structure ϕ is defined by
[ϕ,ϕ](X,Y ) = ϕ2[X,Y ] + [ϕX,ϕY ]− ϕ[ϕX,Y ]− ϕ[X,ϕY ].
The manifold M is normal if and only if [2]
[ϕ,ϕ] + 2dη ⊗ ξ = 0.
An almost contact metric manifold M which satisfies dη = 0 and dΦ = 0, both η and the
fundamental form are closed is called an almost cosymplectic manifold [15]. The manifold M
is called an almost α-Kenmotsu manifold, α a real 6= 0 constant, if dη = 0 and dΦ = 2αη ∧ Φ.
In the paper [19] almost cosymplectic and almost α-Kenmotsu manifolds are studied from the
common point of view - and they are called almost α-cosymplectic manifolds, α arbitrary real
constant. A normal almost cosymplectic manifold is called cosymplectic, similarly we have α-
Kenmotsu manifolds. The local structure of cosymplectic, α-Kenmotsu manifolds, now is very
well understood. An almost cosymplectic manifold is cosymplectic iff ∇ϕ = 0, i.e. ϕ is a
covariant constant with respect to the Levi-Civita connection. From the other hand Goldberg
and Yano [15] proved that the conditions
∇ϕ = 0, R(X,Y )ϕZ = ϕR(X,Y )Z,
are equivalent on an almost cosymplectic manifold. Therefore an almost cosymplectic manifold
is cosymplectic iff the structure ϕ commutes with the Riemann curvature.
One of the most important geometric quantities on an almost contact metric manifold are
affinors
h =
1
2
Lξϕ, h
′ = hϕ,
h measure the rate of the change of the tensor ϕ under the flow generated by the vector field ξ,
for normal manifolds h = 0 identically.
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Leaving the explanations of the genesis of the concept, we say that an almost contact metric
manifold M satisfies a (κ, µ, µ′)-nullity condition, or equivalently that the vector field ξ belongs
to a (κ, µ, µ′)-nullity distribution (κ, µ, µ′) ∈ R3 if
R(X,Y )ξ = κ(η(Y )X − η(X)Y ) + µ(η(Y )hX − η(X)hY )+
+µ′(η(Y )h′X − η(X)h′Y ).
Although in the definition we require κ, µ, µ′ constant in the case of almost cosymplectic man-
ifolds and almost Kenmotsu manifolds it appeared convenient to extend the definition in the
direction where κ, µ, µ′ are some functions. Such weaker conditions are called generalized nullity
conditions. The papers [3, 6, 9, 8, 11, 12, 20, 21] concern with the classification theorems for
particular classes of almost contact metric manifolds.
In this paper by a cell is understood a 3-dimensional almost contact metric manifold M3,
(ϕ, ξ, η, g) such that dη = 0. Cells are denoted by C1, C2, etc.
We finish the section with the following
Proposition 1. On a cell C = (M3, ϕ, ξ, η, g) the vector field ξ is geodesic ∇ξξ = 0 and the
structure ϕ is ξ-parallel
∇ξϕ = 0.
Proof. The formula for the covariant derivative ∇ϕ from the Lemma 6.1 in [2] in the case dη = 0
will take a shape
g((∇Xϕ)Y,Z) = 3dΦ(X,ϕY,ϕZ) − 3dΦ(X,Y,Z) + g([ϕ,ϕ](Y,Z), ϕX),
note dΦ = αη ∧ Φ for a function α on M3, therefore
g((∇ξϕ)Y,Z) = 3dΦ(ξ, ϕY, ϕZ) − 3dΦ(ξ, Y, Z) = α(Φ(ϕY,ϕZ) − Φ(Y,Z)) = 0,
and ∇ξϕ = 0 which implies ∇ξξ = 0. 
3. An almost metric f -structure of a cell product
An affinor f on a manifold M , such that f3 + f = 0 is called an almost f -structure. The
existence of an almost f -structure determines a reduction of a structure group of the manifold.
If this G-structure is integrable, the affinor f is called a f -structure. Examples of almost f -
structures are almost complex structures and almost contact structures. If there is a Riemannian
metric g¯ on the manifold M such that g¯(fX, Y ) = −g¯(X, fY ) then a triple (M,f, g¯) is called an
almost metric f -manifold [14, 22, 23].
It is not stated explicitly in the above definition but it is assumed that distributions
Ker(f) : p 7→ {X ∈ TpM |fX = 0},
Im(f) : p 7→ {X ∈ TpM |X = fY }
the kernel of f and the image have constant dimensions. The distribution Im(f) is always even-
dimensional dim Im(f) = 2l and the restriction J = f |Im(f) defines a formal almost complex
structure, i.e. J2X = −X whenever X ∈ Γ(Im(f)) is a section of Im(f). The distributions
Ker(f), Im(f) are complementary and orthogonal with res. to the metric g¯.
Let (M,f, g¯) be an almost metric f -manifold. A framing (ξ¯1, . . . , ξ¯k) is a repair of orthonormal
vector fields which spann Ker(f), here k = dimKer(f). A coframing is a corepair of dual one-
forms (η¯1, . . . , η¯k), η¯i(ξ¯j) = δ
j
i , δ
j
i - the Kronecker’s δ. Note that arbitrary ξ¯i is perpendicular
to the image Im(f), moreover Im(f) coincides with a common kernel of the forms η¯i, i.e.
Im(f) = ker η¯1 ∩ . . . ∩ ker η¯k.
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An almost metric f -manifold is called a C-manifold if near each point p ∈M there is a closed
coframing, i.e. each form η¯i is closed dη¯i = 0. In a consequence the distribution Im(f) is
involutive, hence completely integrable and a leaf N ⊂M is an almost complex submanifold.
Let Ci = (M
3
i , ϕi, ξi, ηi, gi), i = 1, . . . , k be a finite family of cells, M = C1 × C2 × . . . × Ck
be the Cartesian product. By πi : M → Ci we denote the canonical projections, thus if q =
(p1, . . . , pk) ∈M then πi(q) = pi ∈ Ci. The distributions D1,D2, . . . ,Dk are defined by
Di =
⋂
j 6=i
Ker π∗j ,
where π∗j : TM → TCj denotes the tangent map. We have the canonical splitting TM =
D1 ⊕ . . . ⊕Dk. Let X be a vector field on a cell Ci. By a lift of the vector field X we mean a
vector field X¯ on the manifold M , such that π∗i(X¯) = X and X¯ ∈ Γ(Di).
Proposition 2. For a vector field X on a cell Ci, there exists a lift X¯ and is determined uniquely.
Proof. Assume X¯1, X¯2 are lifts of the vector field X, at every point where the lifts are defined
π∗i(X¯1−X¯2) = 0, therefore X¯1−X¯2 belongs to the kernels of all projections π∗·’s, so must vanishes
identically. This proves the uniqueness. In consequence it is enough to prove the existence only
locally. Now let fix a point q = (p1, . . . , pk), x = πi(q) = pi and let a neighborhood Ux of the
point x be such that a local flow exp(tX) generated by X exists on Ux. Near a point q ∈M we
define a local flow st on U¯q = π
−1
i (Ux)
(1) st(p1, . . . , pi, . . . , pk) = (p1, . . . , exp(tX)pi, . . . , pk).
From the definition πi ◦ st = exp(tX). Let X¯ be an infinitesimal generator of st, for p ∈ U¯q
Xpi(p) =
d
dt
πi(stp)|t=0 = π∗i( d
dt
stp|t=0) = π∗i(X¯p).
Finally for j 6= i, πj(stp) = const, πj∗(X¯) = 0, the vector field X¯ belongs to the kernels of πj,
therefore it is a section of the distribution Di. 
If X1, X2 are vector fields on Ci and τ1, τ2 are functions then the lift of the combination
τ1X1 + τ2X2 is a vector field τ
∗
1 X¯1 + τ
∗
2 X¯2, where τ
∗
1,2 = τ1,2 ◦ πi.
For the cell (Ci, ϕi, ξi, ηi, gi) we define a tensor field ϕ¯i (a lift) on the productM = C1×. . .×Ck
as follows: let
ϕi =
3∑
k,j=1
ϕjkiα
k ⊗Xj ,
be a local description of the tensor ϕi with res. to a local repair (X1,X2,X3) on Ci, here ϕ
j
ki are
smooth functions on Ci. Then by the definition
ϕ¯i =
3∑
k,j=1
ϕ¯jkiα¯
k ⊗ X¯j ,
where ϕ¯jki = ϕ
j
ki ◦ πj are functions on M , the forms α¯k = π∗i αk are pullbacks and X¯j are lifts of
the vector fields Xj . The tensor field ϕ¯i can be characterized as follows: if X¯ is a lift, then ϕ¯iX¯
is a lift of the vector field ϕiX, ϕ¯iX¯ = ϕiX.
Theorem 1. A pair (f, g) of the tensor fields
(2) f =
k∑
i=1
ϕ¯i,
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and g¯ - the Riemannian product metric
(3) g¯ =
k∑
i=1
π∗i gi.
defines an almost metric f -structure on the cell product, which is globally framed. Moreover
(M,f, g) is a C-manifold. The fundamental form Φ¯(X,Y ) = g¯(X, fY ) is given by
(4) Φ¯ =
k∑
i=1
π∗iΦi,
i.e. is the sum of the pullbacks of the fundamental forms of the cells.
Proof. From the definition of ϕ¯i it follows that ϕ¯iϕ¯j = ϕ¯jϕ¯i = 0 for i 6= j, and ϕ¯3i + ϕ¯i = 0,
i = 1, . . . , k. Therefore
(5) f3 + f =
k∑
i=1
(ϕ¯3i + ϕ¯i) = 0.
With res. to the product metric the decomposition TM = D1⊕ . . .⊕Dk is an orthogonal decom-
position, i.e. Di, Dj are pairwise orthogonal, each projection πi is a Riemannian submersion,
moreover if X¯ ∈ Γ(Di), Y¯ ∈ Γ(Dj) are lifts then
(6)
g¯(X¯, Y¯ ) =
{
gi(X,Y ) ◦ πi, i = j
0, i 6= j,
g¯(fX¯, Y¯ ) = g¯(ϕ¯iX¯, Y¯ ) =
{
gi(ϕiX,Y ) ◦ πi, i = j
0, i 6= j,
hence f is skew-symmetric. For the lifts ξ¯i
f ξ¯i = ϕ¯iξ¯i = πi∗(ϕiξi) = 0.
Let a vector field U be orthogonal to a distribution spanned by (ξ¯1, . . . , ξ¯k). Assume that
fU = 0 for arbitrary point but at a point q, Uq 6= 0. Let U i be an orthogonal projection
on the distribution Di, such that U
i
q 6= 0. We extend a vector Vx = πi∗(U iq), x = πi(q) to a local
vector field V , V ⊥ ξi. For the lift V¯ , fV¯q = ϕ¯iV¯ , and by assumption 0 = π∗i(ϕ¯iV¯ ) = ϕV at
x = πi(q), implies V = 0 and V¯q = U
i
q = 0, the contradiction. Therefore
Ker(f) = Spann(ξ¯1, . . . , ξ¯k).
Pullbacks (η¯1, . . . , η¯k) define a dual closed coframing for η¯i = π
∗
i ηi and all forms ηi are closed. 
4. An extrinsic Riemannian geometry of a manifold of sewed cells
In the present paper we are merely interested in the structure of a product of cells but rather
in a very particular submanifolds.
Let (M,f, g¯, ξ¯1, . . . , ξ¯k) be a product of cells k > 2, M = C1 × . . .×Ck, Ci = (Ci, ϕi, ξi, ηi, gi)
with its canonical almost metric f -structure, and canonical global framing (ξ¯1, . . . , ξ¯k), defined
by the lifts of the vector fields ξi. Let define a median vector field ξ¯ on M
ξ¯ =
ξ¯1 + . . .+ ξ¯k√
k
,
the median ξ¯ is globally defined and g¯(ξ¯, ξ¯) = 1.
Proposition 3. A distribution Im(f)⊕ Rξ¯ is involutive.
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Proof. Let X ∈ Γ(Im(f))
0 = 2dη¯i(ξ¯j,X) = −η¯i([ξ¯j ,X]), i, j = 1, . . . , k,
therefore [ξ¯j ,X] ∈ Γ(Im(f))
[ξ¯, X] =
1√
k
k∑
i=1
[ξ¯i,X] ∈ Γ(Im(f)),
if X is an arbitrary vector field tangent to Im(f)⊕ Rξ¯, then X = X¯ + τ ξ¯, X¯ ∈ Γ(Im(f)), τ is
a function on M , and [ξ¯, X] = [ξ¯, X¯ ] + (ξ¯τ)ξ¯ ∈ Γ(Im(f)⊕ Rξ¯. 
By the Proposition 3 through any point of M is passing a unique integral submanifold N ⊂M
of Im(f)⊕ Rξ¯ we shall call a manifold of sewed cells N = C1 − C2 − . . . −Ck.
Let q0 ∈M , πi(q0) = xi0 ∈ Ci, let xi0 ∈ U i0 ⊂ Ci be an open disc such small there is a function
τi : U
i
0 → R, dτi = ηi|U i
0
, τi(U
i
0) = (−ǫi, ǫi), τi(xi0) = 0 ∈ R. A set q0 ∈ U0 =
⋂k
i=1 π
−1
i (U
i
0) with
functions τ¯1 = τ1 ◦ π1,..,τ¯k = τk ◦ πk we will call a polidisc centered at q0, from the definition
τ¯1(q0) = . . . = τ¯k(q0) = 0. Let ∆0 ⊂ U0 be a connected component of a set
∆ = {q ∈ U0 | τ¯1(q) = τ¯2(q) = . . . = τ¯k(q)},
containing q0, (all the functions τ¯i attain the same value on a point of ∆0). If we define a
local map U0 → Rk, U0 ∋ q 7→ (τ¯1(q), . . . , τ¯k(q)) ∈ Rk then the image ∆ˆ lies on the diagonal
{(t, . . . , t) ⊂ Rk}.
For a section X = X¯ + τ ξ¯ of Im(f)⊕ Rξ¯,
(7) η¯1(X) = η¯2(X) = . . . = η¯k(X) =
τ√
k
.
Let fix a point q0 ∈ M , N = C1 − . . . − Ck are sewed cells through q0, and (U0, τ¯1, . . . , τ¯k) is
a polidisc at q0, and N0 ⊂ N ∩ U0 be an embedded, connected, simply connected part of N
containing q0. Let ι : N0 ⊂ U0 denote an inclusion map. For a point p ∈ N0, γ : [0, 1]→ N0 is a
smooth curve joining the points p and q0, γ(0) = q0, γ(1) = p. Then r = (τ1 ◦ γ, . . . , τk ◦ γ) is a
curve in Rk
r˙ = (τ¯1∗ ◦ γ˙, . . . , τ¯2∗ ◦ γ˙) = (η¯1(ι∗γ˙), . . . , η¯k(ι∗γ˙)),
by (7) components of the tangent vector r˙ are equal to each other, therefore the curve r(s) itself
must lie on the diagonal {(t, . . . , t) ⊂ Rk} as s(0) = 0 ∈ Rk. Particularly r(1) = (τ1(p), . . . , τk(p))
and τ1(p) = . . . = τk(p) and, as p is arbitrary, N = C1− . . .−Ck ⊂ ∆0. The diagonal ∆0 and the
sewed cells N have the same dimensions - N0|U0 = ∆0|U0 on a sufficiently small negihborhood of
q0.
In what will follow we will study extrinsic geometry of a manifold of sewed cells as a Riemann-
ian submanifold in the product M = C1 × . . . × Ck, i.e. Gauss’s, Weingarten’s equations [16].
We recall that as M is the Riemannian product the distributions Di are totally parallel: for a
section Y ∈ Γ(Di), ∇¯XY ∈ Γ(Di) - for arbitrary vector field X onM . More geometrically Di are
invariant with respect to the parallel displacements. In consequence, the Riemannian curvature
of the manifold M - R¯(X,Y ) = 0 identically if X ∈ Γ(Di), Y ∈ Γ(Dj), i 6= j.
Proposition 4. Let X¯ ∈ Γ(Di), Y¯ ∈ Γ(Dj) are lifts of the vector fields X, Y from the i-th and
j-th cells res. Then
(8) ∇¯X¯ Y¯ =
{
∇XY , i = j,
0, i 6= j,
i.e. the covariant derivative of the lifts is a lift of the covariant derivative of the vector fields.
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Proof. The case i 6= j is obvious so let assume i = j. From the definition of the lift X¯ it follows
that [X¯, Y¯ ] = [X,Y ], for the Lie bracket of the vector fields [X,Y ]. The Koszul’s formula for the
covariant derivative follows
g¯(∇¯X¯ Y¯ , Z¯) = g(∇XY,Z) ◦ πi,
so πi∗(∇¯X¯ Y¯ ) = ∇XY , and ∇¯X¯ Y¯ ∈ Γ(Di), therefore by the uniqueness ∇¯X¯ Y¯ = ∇XY . 
Corollary 1.
(9) R¯(X¯, Y¯ )Z¯ = R(X,Y )Z,
whenever the right hand makes sense.
The vector fields
1√
k
ξ¯1 + . . .+
1√
k
ξ¯k = ξ¯,
1√
k
ξ¯1 + . . .+
1√
k
ξ¯l−1 − l − 1√
k
ξ¯l, l = 2, . . . , k
are pairwise orthogonal. Let (ξ¯, u2 . . . , uk), be the respective orthonormal (global) frame. Let
N = C1 − . . . − Ck are sewed cells passing through q0 ∈M . Denote by g the induced metric on
N , g = g¯|N , ξ = ξ¯|N , ∇XY the Levi-Civita connection on N , for X, Y tangent to N
∇¯XY = ∇XY + h(X,Y ),
∇¯Xuα = −SαX +D⊥Xuα,
h(X,Y ) is the second fundamental form of N , Sα - the Weingarten operators associated to the
normal frame (u2, .., uk), and D
⊥ is the normal connection. The frame (u2, . . . , uk) is globally
defined hence the normal vector bundle is parallelizable.
Proposition 5. The normal connection D⊥ is flat.
Proof. It is enough to prove g¯(∇¯Xuα, uβ) = 0, α, β = 2, . . . , k. Let extend X to a vector field on
M , for uα = u
1
αξ¯1 + . . .+ u
k
αξ¯k, u
j
α = const, a tensor field g¯(∇¯Xuα, Y ) is symmetric
g¯(∇¯Xuα, uβ) = g¯(∇uβuα,X) =
k∑
i,j=1
uiβu
j
αg¯(∇ξ¯i ξ¯j,X) = 0,
for ∇ξ¯i ξ¯j = 0 for i 6= j and by the Propositions 4, 1
∇¯ξ¯j ξ¯j = ∇ξjξj = 0.

Corollary 2.
SαX = −∇¯Xuα, α = 2, . . . , k,
moreover similar arguments as in the proof of the above Proposition show that
Sαξ = 0, α = 2, . . . , k.
Let R be the curvature of N .
Proposition 6.
(10) R¯(X,Y )ξ = R(X,Y )ξ,
that is, R(X,Y )ξ is simply the restriction of R¯(X,Y )ξ to N .
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Proof. By the Gauss equation [16] the tangent part of R¯(X,Y )ξ is equal to (cf. Corollary 2)
(11) R(X,Y )ξ +
k∑
α=2
(hα(X, ξ)SαY − hα(Y, ξ)SαX) = R(X,Y )ξ,
for hα(X, ξ) = g(SαX, ξ) = g(X,Sαξ) = 0. The normal part of R¯(X,Y )ξ (the Wiengarten
equation)
(12)
(∇˜Xh)(Y, ξ) − (∇˜Y h)(X, ξ) =
=
k∑
α=2
{(∇Xhα)(Y, ξ) − (∇Y hα)(X, ξ)}uα
+
k∑
α=2
{hα(Y, ξ)DXuα − hα(X, ξ)DY uα},
again let extend X,Y ,ξ, uα to a vector fields on M
g¯(R¯(X,Y )ξ¯, uα) =
1√
k
k∑
i,j=1
ujα g¯(R¯(X,Y )ξ¯i, ξ¯j) = 0,
and as the normal connection is flat and DXuα = 0, α = 2, . . . , k the normal component of
R¯(X,Y )ξ vanishes identically. 
5. Almost cosymplectic and almost α-Kenmotsu sewed cells
Let M = C1 × . . . × Ck be the product of cells and (f, g¯, ξ¯1, . . . , ξ¯k) its canonical almost
metric f -structure, N = C1− . . .−Ck are sewed cells, by the construction the submanifold N is
f -invariant. Again ι denotes the inclusion map.
Theorem 2. The tensor fields ϕ = f |N , ξ = ξ¯|N , η =
√
k ι∗η¯1, g = g¯|N define an almost contact
metric structure on sewed cells N . Moreover
(13) dη = 0, η ∧ dΦ = 0,
where Φ is the fundamental form of N .
Proof. At first
(14) g(X,ϕY ) = g¯(ι∗X, ι∗(ϕY )) = g¯(ι∗X, fι∗(Y )),
and Φ = ι∗Φ¯, similarly we prove ϕξ = 0,
(15) dΦ = ι∗(dΦ¯) = ι∗{
k∑
i=1
π∗i dΦi},
Φi are the fundamental forms of cells. Each cell is a 3-dimensional manifold hence dΦi = 2λiηi∧Φi
for a function λi on the cell.
(16) dΦ = 2ι∗
{
k∑
i=1
λ¯iη¯i ∧ Φ¯
}
= 2
k∑
i=1
ι∗(η¯i) ∧ ι∗(λ¯iΦ¯i),
λ¯i = λi ◦ πi, from ι∗η¯1 = . . . = ι∗η¯k = 1√k η (eq. 7) it follows
(17) η ∧ dΦ = 2√
k
η ∧ η ∧ ι∗
{
k∑
i=1
λ¯iΦ¯i
}
= 0,
for the further reference the form in the curly brackets we denote as Φ′.
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If ϕX = 0 for X tangent to N then fι∗(X) = 0 hence ι∗(X) = αj ξ¯j for real numbers αj,
however η¯1(ι∗(X)) = . . . = η¯k(ι∗(X)) implies α1 = . . . = αk = α and X = αξ, ϕ3 + ϕ = 0 =
ϕ(ϕ2 + Id), so ϕ2X +X = α(X)ξ and g(X, ξ) = α(X) = η(X). 
The function λi we will call a weight of a cell. The family (λ1, λ2, . . . , λk) the common weight
of sewed cells. The next theorem is an almost a direct consequence of the above statement.
Theorem 3. The sewed almost cosymplectic cells is an almost cosymplectic manifold, the sewed
almost α0-Kenmotsu cells is an almost (α0/
√
k)-Kenmotsu manifold.
Proof. The common weight of the family of almost cosymplectic cells is (0, . . . , 0) ∈ Rk, the form
Φ′ = 0. If we have family of an almost α-Kenmotsu cells with the same weight, dΦi = 2αiηiΦi,
α1 = . . . = αk = α0, so the common weight is (α0, . . . , α0) ∈ Rk, then Φ′ = α0Φ. The sewed cells
in this case satisfy dΦ =
2α0√
k
η ∧ Φ - it is an almost (α0/
√
k)-Kenmotsu manifold. 
Proposition 7. Assume that each cell Ci, i = 1, . . . , k, satisfies the (κ, µ, µ
′)-nullity condition
Ri(X,Y )ξi = κi(ηi(Y )X − ηi(X)Y ) + µi(ηi(Y )hiX − ηi(X)hiY ) +
+µ′i(ηi(Y )h
′
iX − ηi(X)h′iY ), i = 1, . . . , k,
(κi, µi, µ
′
i) ∈ R3, i = 1, . . . , k. Then the sewed cells N = C1 − . . . − Ck satisfies the following
condition
R(X,Y )ξ = (η(Y )PX − η(X)PY ) + (η(Y )H1X − η(X)H1Y ) +
+(η(Y )H2X − η(X)H2Y ),
and the affinors P , H1, H2 satisfy the following commutations relations
g(PX, Y ) = g(X,PY ), g(HiX,Y ) = g(X,HiY ), i = 1, 2,
Pϕ = ϕP, Hiϕ+ ϕHi = 0, PHi = HiP, i = 1, 2,
H1ξ = H2ξ = Pξ = 0.
Proof. Let (M,f, g, ξ¯1, . . . , ξ¯k) be the product of the cells Ci
(18) R¯(X,Y )ξ¯ =
1√
k
k∑
i=1
R¯(X,Y )ξ¯i,
for vector fields X, Y on M . For the lifts X¯, Y¯ ∈ Γ(Di), cf. Corollary (1)
(19)
R¯(X¯, Y¯ )ξ¯i = κi
(
η¯i(Y¯ )X¯ − η¯i(X¯)Y¯
)
+ µi
(
η¯i(Y¯ )h¯iX¯ − η¯i(X¯)h¯iY¯
)
+
+µ′i
(
η¯i(Y¯ )h¯
′
iX¯ − η¯i(X¯)h¯′iY¯
)
,
let define the tensor fields P¯ , H¯1, H¯2 on M
(20)
P¯ =
1
k
k∑
i=1
−κiϕ¯2i ,
H¯1 =
1
k
k∑
i=1
µih¯i,
H¯2 =
1
k
k∑
i=1
µ′ih¯
′
i
Notice H¯1ξ¯j = H¯2ξ¯j = P¯ ξ¯j = 0, j = 1, . . . , k, thus Im(H¯1) ⊂ Im(f), Im(H¯2) ⊂ Im(f),
Im(P¯ ) ⊂ Im(f) - the manifold of sewed cells is invariant with respect to P¯ , H¯1, H¯2, and
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these tensors give rise to the properly defined affinors on N which we shall denote P = P¯ |N ,
H1 = H¯1|N , H2 = H¯2|N .
For a vectors X,Y tangent to N , η¯1(X) = . . . = η¯k(X) =
η(X)√
k
(21)
R¯(X,Y )ξ¯ =
1√
k
k∑
i=1
κi
(
η¯i(Y )(−ϕ¯2i )X − η(X)(−ϕ¯2i )Y
)
+
+
1√
k
k∑
i=1
µi
(
η¯i(Y )h¯iX − η¯i(X)h¯iY
)
+
+
1√
k
k∑
i=1
µ′i(η¯i(Y )h¯
′
iX − η¯i(X)h¯′iY ) =
=
(
η(X)P¯ Y − η(Y )P¯X) + (η(Y )H¯1X − η(X)H¯1Y )+
+
(
η(X)H¯2X − η(Y )H¯2X
)
,
and the restriction
R(X,Y )ξ = R¯(X,Y )ξ¯|N = (η(Y )PX − η(X)PY )+
+(η(Y )H1X − η(X)H1Y ) + (η(Y )H2X − η(X)H2Y ).
Symmetries of the tensor fields P , H1, H2 are direct consequences of the symmetries of their
counterparts P¯ , H¯1, H¯2, eg.
H¯1f =
1
k
k∑
i=1
µih¯iϕ¯i = −fH¯1.

Theorem 4. Let N = C1 − . . . − Ck are are sewed cells where each Ci, i = 1, . . . , k is a copy
of a 3-dimensional almost cosymplectic manifold M3, res. a 3-dimensional almost α-Kenmotsu
manifold. IfM3 satisfies the (κ0, µ0, µ
′
0)-nullity condition then the manifold N of sewed cells is an
almost cosymplectic, res. an almost (α/
√
k)-Kenmotsu manifold which satisfies the (κ0
k
, µ0√
k
,
µ′
0√
k
)-
nullity condition.
Lemma 1.
Lξ¯f |N = Lξϕ, (Lξ¯f)f |N = (Lξϕ)ϕ.
Proof. (of the Lemma) Let X be a local vector field tangent to N defined near a point x ∈ N .
Extend X to a vector field X˜ on the product of cells, we can assume X˜ ∈ Γ(Im(f)), note that
fX˜ is an extension of ϕX, so
[ξ¯, fX˜]|N = [ξ, ϕX], [ξ¯, X˜]|N = [ξ,X],
and
(Lξ¯f)X˜|N = [ξ, ϕX] − ϕ[ξ,X] = (Lξϕ)X,

Proof. (of the Theorem) On the ambient space of the cells product
(22) (Lξ¯f)X =
1√
k
k∑
i=1
(Lξ¯iϕ¯i) =
2√
k
k∑
i=1
h¯iX,
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by the Proposition (7)
(23)
P¯ = −κ0
k
k∑
i=1
ϕ¯i = −κ0
k
f2,
H¯1 =
µ0
k
k∑
i=1
h¯i =
µ0
2
√
k
Lξ¯f,
H¯2 =
µ′0
k
k∑
i=1
h¯′i =
µ′0
2
√
k
(Lξ¯f)f,
−f2|N = −ϕ2 = Id− η ⊗ ξ and applying the Lemma
(24)
H1 = H¯1|N = µ0
2
√
k
(Lξ¯f)|N =
µ0
2
√
k
Lξϕ =
µ0√
k
h,
H2 = H¯2|N = µ
′
0
2
√
k
(Lξ¯f)f |N =
µ′0√
k
h′,
again applying the Proposition (7)
R(X,Y )ξ =
κ0
k
(η(Y )X − η(X)Y ) + µ0√
k
(η(Y )hX − η(X)hY ) +
+
µ′0√
k
(η(Y )h′X − η(X)h′Y ).

In what will follow we will study a bit more complicated but more interesting case of the
generalized (κ, µ, µ′)-nullity conditions.
The two cells (C1, ϕ1, ξ1, η1, g1), (C2, ϕ2, ξ2, η2, g2) are locally isomorphic if for a points x1 ∈ C1,
x2 ∈ C2 there are neighborhoods x1 ∈ U1 ⊂ C1, x2 ∈ U2 ⊂ C2 and there is a diffeomorphism
θ : U1 → U2, θ(x1) = x2 which preserves the structures
θ∗ ◦ ϕ1 = ϕ2 ◦ θ∗, ξ2 = θ∗ξ1, η1 = θ∗η2, g1 = θ∗g2.
Theorem 5. Let N = C1 − . . . − Ck is a manifold of sewed, locally isomorphic cells Ci, i =
1, . . . , k. Assume that each cell (Ci, ϕi, ξi, ηi, gi) satisfies a generalized (κi, µi, µ
′
i)-nullity condition
where functions κi, µi, µ
′
i are arbitrary provided dκi ∧ ηi = dµi ∧ ηi = dµ′i ∧ ηi = 0. Then
the manifolds of sewed cells N satisfies a generalized (κ, µ, µ′)-nullity condition with uniquely
determined functions κ, µ, µ′ such that dκ ∧ η = dµ ∧ η = dµ′ ∧ η = 0.
Lemma 2. Let q0 ∈ N ⊂M = C1 × . . .×Ck. There is a polidisc (U0, τ¯1, . . . , τ¯k) centered at q0,
a non-empty interval (−ǫ, ǫ), and there are functions u1, u2, u3 : (−ǫ, ǫ)→ R, such that
(25)
τ¯1(U0) = . . . = τ¯k(U0) = (−ǫ, ǫ),
κ¯i = u1 ◦ τ¯i, µ¯i = u2 ◦ τ¯i, µ¯′0 = u3 ◦ τ¯i, i = 1, . . . , k,
where κ¯i = κi ◦ πi, µ¯i = µi ◦ πi, µ¯′i = µ′i ◦ πi, i = 1, . . . , k,
Proof. (of the Lemma) As cells Ci and Cj, i 6= j are locally isomorphic there are small discs
xi0 = πi(q0) ∈ U i0 ⊂ Ci, xj0 = πj(q0) ∈ U j0 ⊂ Cj and diffemorphism θ : U i0 → U j0 which preserves
the structures, we can assume that U i0, U
j
0 are small enough that functions τi, dτi = ηi|U i
0
, τj,
dτj = ηj|Uj
0
exist and τi(x
i
0) = τj(x
j
0) = 0. From dκi ∧ ηi = 0 and dκj ∧ ηj = 0 follows that there
are functions ui, uj : (−ǫ, ǫ)→ R, (−ǫ, ǫ) = τi(U i0) = τj(U j0 ), such that
κi = ui ◦ τi, κj = uj ◦ τj.
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The functions κi, κj are scalar invariants, i.e. κi = κj ◦ θ. Therefore
κi = ui ◦ τi, κi = κj ◦ θ = uj ◦ τj ◦ θ = uj ◦ τi,
hence ui = uj . Similar arguments prove the existence of functions v, w, µi = v ◦ τi, µj = v ◦ τj,
µ′i = w ◦ τi, µ′j = w ◦ τj.
Now we fix i = 1 and provide above construction for each pair (C1, Cj), j = 2, . . . , k. Thus we
have family (τ1, U
1
0 ),..,(τk, U
k
0 ), τi(U
i
0) = (−ǫ, ǫ), i = 1, . . . , k, and functions u1, u2, u3 : (−ǫ, ǫ)→
R, κi = u1 ◦ τi, µi = u2 ◦ τi, µ′0 = u3 ◦ τi, i = 1, . . . , k and (U0 =
k⋂
i=1
π−1i (U
i
0), τ¯i = τi ◦ πi) is the
required polidisc. 
Proof. (of the Theorem) Note that the thesis of the Proposition (7) remains unchanged if we use
the restriction of the functions κ¯i, µ¯i, µ¯
′
0, i = 1, . . . , k to the submanifold of the sewed cells N .
Locally the sewed cells are described by τ¯1(q) = . . . = τ¯k(q), by the Lemma
(26)
κ¯1|N = . . . = κ¯k|N = κ,
µ¯1|N = . . . = µ¯k|N = µ,
µ¯′1|N = . . . = µ¯′k|N = µ′,
and (cf. Theorem 5) N satisfies the (
κ
k
,
µ√
k
,
µ′√
k
)-nullity condition, dκ¯i = u
′
1dτ¯i = u
′
1η¯i, finally
dκ¯|N = dκ = u′1 η√k and dκ ∧ η = 0, similar for µ, µ
′. 
6. Examples and final remarks
For the purposes of the next example we recall the following result [6]
Theorem 6. On an almost cosymplectic manifold (M,ϕ, ξ, η, g), dimM = 2n + 1, n > 2, the
vector field ξ belongs to the k-nullity distribution, k < 0, if and only if for a point p ∈ M there
exists a coordinate neighborhood (U, (t, x1, . . . , x2n)), p ∈ U , on which
ξ =
∂
∂t
, η = dt,
g = dt⊗ dt+ e2λt
n∑
µ=1
dxµ ⊗ dxµ + e−2λt
n∑
µ=1
dxn+µ ⊗ dxn+µ,
ϕ = e2λt
n∑
µ=1
dxµ ⊗ ∂
∂xn+µ
− e−2λt
n∑
µ=1
dxn+µ ⊗ ∂
∂xµ
,
where λ =
√
|k|.
Example 1. Let M = C1 × C2 be the product of copies of almost cosymplectic cells Ci =
(R3, ϕi, ξi, ηi, gi), i = 1, 2, both satisfying κ-nullity conditions with κ1 = κ2 = −λ2 = κ0, sewed
cells is simply a hyperplane H = {(t1, x1, y1, t2, x2, y2) ∈ M |t1 = t2}, and the almost contact
metric structure (ϕ, ξ, η, g) on H
ξ = 1√
2
∂
∂s
, η =
√
2 ds, s = t1 = t2|H
g = 2ds⊗ ds+ e2λs(dx1 ⊗ dx1 + dx2 ⊗ dx2)+
+e−2λs(dy1 ⊗ dy1 + dy2 ⊗ dy2),
ϕ = e2λs(dx1 ⊗ ∂
∂x1
+ dx2 ⊗ ∂
∂x2
)−
−e−2λs(dy1 ⊗ ∂
∂y1
+ dy2 ⊗ ∂
∂y2
)
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if we reparametrize t 7→ s√
2
- the obtained structure is almost cosymplectic and satisfies κ′-nullity
condition, by the above result, and κ′ = −λ2/2, κ′ = κ0/2 . 
Customary in the geometry of almost α-Kenmotsu manifolds the operator h′ is defined as
h′ =
1
2α
(Lξϕ)ϕ.
Using this convention the Theorem (4) has the form: if C1,. . . , Ck are copies of an almost α-
Kenmotsu manifoldM3 andM3 satisfies (κ0, µ0, µ
′
0)-nullity condition then the manifold of sewed
cells is an almost α/
√
k-Kenmotsu manifolds which satisfies the (κ0
k
, µ0√
k
, µ,0
k
)-nullity condition.
Example 2. [11, 12] If (M2n+1, ϕ, ξ, η, g) is an almost α-Kenmotsu manifold such that ξ belongs
to the (κ, µ)′-nullity distribution ((κ, µ)′ = (κ, 0, µ′)), and κ < −α2, then the manifold is locally
isometric to the warped product
R×f Rn ×f ′ Rn,
with warping functions
f = ceα(1+λ)t, f ′ = c′eα(1−λ)t, λ =
√
−1− κ
α2
, c, c′ = const > 0.
here η = dt. Now in the particular case n = 1, let take two copies C1, C2 of M
3, for simplicity
C1 = R
3 ∋ p = (t1, x1, x2), C2 = R3 ∋ p = (t2, y1, y2). Then the sewed cells C1 − C2 is a
hyperplane again H : t1 = t2 ⊂ R6 = R3 × R3, the metric
g = 2ds ⊗ ds+ ceα(1+λ)sg1 + c′eα(1−λ)g2, s : H → R, s = t1|H = t2|H ,
gi = dxi ⊗ dyi, i = 1, 2, again after rescaling t =
√
2s, g is a warped product
R×f R2 ×′f R2, f = ce
α√
2
(1+λ)t
, f ′ = c′e
α√
2
(1−λ)t
in consequence (H,ϕ, ξ, η, g) satisfies (κ, µ)′-nullity condition with
κ = −( α√
2
)2(1 + λ2) =
κ0
2
, µ = −2( α√
2
)2 =
µ0
2
.

Example 3. Consider an almost contact metric manifold [21, 19] (M3, ϕ, ξ, η, g)
M3 = {(x, y, z) ∈ R3, z > 0}
an orthonormal repair (X,ϕX, ξ)
(27) X =
∂
∂x
, ϕX =
∂
∂y
, ξ = (x− ye−2z) ∂
∂x
+ (y − xe−2z) ∂
∂y
+
∂
∂z
η = dz, M3 is an almost Kenmotsu manifolds which satisfies the (κ, 0, 0)-nullity condition with
nonconstant κ = −(1 + e−4z). Similar as in above Examples
C1 − C2 = {(x1, x2, z1, y1, y2, z2) ∈ R6, z1 = z2 > 0},
an orthonormal frame (X1, ϕX1,X2, ϕX2, ξ)
(28)
X1 =
∂
∂x1
, ϕX1 =
∂
∂y1
X2 =
∂
∂x2
, ϕX2 =
∂
∂y2
,
ξ = 1√
2
(x1 − y1e−2s) ∂
∂x1
+
1√
2
(x2 − y2e−2s) ∂
∂x2
+
+ 1√
2
(y1 − x1e−2s) ∂
∂y1
+
1√
2
(y2 − x2e−2s) ∂
∂y2
+
1√
2
∂
∂s
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where η =
√
2ds, s = z1|C1−C2 = z2|C1−C2 , the non-zero Lie brackets
(29)
[X1, ξ] =
1√
2
X1 − e
−2s
√
2
ϕX1, [ϕX1, ξ] = −e
−2s
√
2
X1 +
1√
2
ϕX1,
[X2, ξ] =
1√
2
X2 − e
−2s
√
2
ϕX2, [ϕX2, ξ] = −e
−2s
√
2
X2 +
1√
2
ϕX2.
If we change the frame
(30)
X¯1 =
X1 + ϕX1√
2
, X¯2 =
X2 + ϕX2√
2
,
Y¯1 =
−X1 + ϕX1√
2
, Y¯2 =
−X2 + ϕX2√
2
,
ϕX¯1 = Y¯1, ϕX¯2 = Y¯2, then the Lie brackets take a simpler form i = 1, 2
(31) [X¯i, ξ] =
1− e−2s√
2
X¯i, [Y¯i, ξ] =
1 + e−2s√
2
Y¯i,
other brackets are zero, subsequently applying the Koszul’s formula for the covariant derivative
(32)
∇X¯iξ =
1− e−2s√
2
X¯i, ∇Y¯iξ =
1 + e−2s√
2
Y¯i,
∇X¯iX¯i = −
1− e−2s√
2
ξ, ∇Y¯i Y¯i = −
1 + e−2s√
2
ξ,
∇ξX¯i = 0, ∇ξY¯i = 0,
for the curvature we obtain
(33)
R(X¯i, ξ) = −∇ξ∇X¯iξ −∇[X¯i,ξ]ξ =
= −(ξ(1− e
−2s
√
2
) +
1
2
(1− e−2s)2)X¯i = −1 + e
−4s
2
X¯i,
R(Y¯i, ξ) = −(ξ(1 + e
−2s
√
2
) +
1
2
(1 + e−2s)2)Y¯i = −1 + e
−4s
2
Y¯i,
R(X¯i, X¯j)ξ = R(X¯i, Y¯j)ξ = R(Yi, Yj)ξ = 0,
- C1 − C2 is an almost 1/
√
2-Kenmotsu manifold which satisfies (κ′, 0, 0)-nullity condition with
the function κ′ = −1+e−4s2 , again κ′ = κ0/2. 
Here some final remarks. The provided construction suggests to study particular submanifolds
of almost metric f -manifolds with closed coframings. The construction can be developed in many
ways: although we take the median ξ¯ as a starting point, more generally ξ¯ can be defined by
a point c of the sphere Sk ∋ c = (c1, . . . , ck), ξ¯ = c1ξ¯1 + . . . + ck ξ¯k. Cells are 3-dimensional
manifolds, as almost contact metric manifolds they are CR-integrable with canonically defined
almost CR structure. It should be clear that sewed cells are also CR-integrable - which is an
advantage - as we may study invariant connections - and in the same time disadvantage - one
cannot go beyond CR-integrable structures with this construction. One of the possible remedy
is to try to sew the cells of higher dimensions, eg. non-CR-integrable 5-dimensional cells with 3-
dimensional. Not all possible features are inherited by the sewed cells, eg. there are 3-dimensional
examples of conformally flat almost cosymplectic manifolds [5], however sewed such cells are never
conformally flat - at least they are flat and cosymplectic - as they have Kähler leaves [5]). Similar
situation appears when one consider manifolds with a pointwise constant ϕ-sectional curvature:
evidently each 3-dimensional manifold has this feature - again sewed almost cosymplectic cells
are never manifolds of pointwise ϕ-sectional curvature [7] - provided they not cosymplectic.
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